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Topological pumping of ultracold atomic gases has recently been demonstrated in two experiments
(Nat. Phys. 12, 296; 12, 350 (2016)). Here we study the topological pumping of a single magnon in a
dynamically controlled spin-dependent optical superlattice. When the interaction between atoms is
strong, this system supports a dynamical version of topological magnon insulator phase. By initially
putting a single magnon in the superlattice and slowly varying the dynamical controlled parameter
over one period, the shift of the magnon density center is quantized and equal to the topological
Chern number. Moreover, we also find that the direction of this quantized shift is entanglement-
dependent. Our result provides a route for realizing topological pumping of quasiparticles in strongly
correlated ultracold atomic system and for studying the interplay between topological pumping and
quantum entanglement.
I. INTRODUCTION
In 1983, Thouless studied the transport of particles in
a one-dimensional slowly varying periodic potential [1].
Such varying makes the Hamiltonian of the system ex-
perience a cyclic evolution. Suppose the particles are
initially prepared in the ground band of the potential.
When the Hamiltonian evolves adiabatically with time
and returns to the original point after a period, the num-
ber of transported particles is equal to the topological
Chern number associated with the topology of the ground
band. This pumping depends only on the geometric prop-
erties of the pump cycle and is robust to disorder and
interaction effects [1]. Although the Thouless pumping
was predicted more than thirty years ago, it is still a
challenge to be realized in solid state systems.
In the past years, investigating topological and geomet-
ric pumping with tunable ultracold atomic system has
attracted a lot of interests [2–16]. Specifically, two ex-
perimental groups have recently reported the realization
of topological Thouless pumping with ultracold fermionic
and bosonic atoms trapped in spin-independent optical
superlattices [15, 16]. Populating the topologically non-
trivial ground band is archived by placing the Fermi en-
ergy in the band gap [15] or by preparing the bosonic
atoms into Mott insulator in the ground band [16]. The
shift of the center-of-mass of the atomic cloud during a
pump cycle amounts to the Chern number. Moreover,
two-dimensional topological pumping protected by the
second Chern number has also been demonstrated exper-
imentally in a two-dimensional optical superlattice [17].
However, all these studies focus on topological pumping
of an atomic gas and requires preparing this gas in the
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ground band.
On the other hand, ultracold atoms trapped in optical
lattices can also be employed to realize spin chain mod-
els and explore magnonic states [18–24]. Via single-site-
and time-resolved technologies in optical lattices, based
on mimicked spin chains, recent ultracold atoms experi-
ments have successfully observed the quantum dynamics
of single- and two-magnon states [25–27]. Different from
neutral atoms, magnons are bosonic quasiparticle exci-
tations around the ground state of strongly correlated
quantum spin chain models [25–27], which are important
for the development of spintronics devices. Meanwhile,
the concept of topology has been further expanded to
magnonic systems [28, 29]. Searching topological magnon
insulator and semimetal phases in solid state systems has
also attracted much attention [30–34].
In this paper, we investigate the topological magnon
insulator phase and the topological magnon pumping in
a dynamically controlled spin-dependent optical super-
lattice system. The tight-binding form of this dynami-
cal system is described by the Rice-Mele-Bose-Hubbard
model with a dynamical parameter θ. When the on-site
interaction is strong, the system can represent a spin
chain with two spins per unit cell, where the intercell and
intracell couplings are different and the on-site energies
are spin-dependent. In the process of adiabatically vary-
ing θ, we show that a dynamical version of topological
magnon insulator phase characterized by the Chern num-
ber can emerge. After preparing a single-magnon state
in the system, we demonstrate that quantized topologi-
cal pumping of a single magnon can be implemented by
slowly tuning θ over one period. We also exhibit that the
pumping direction depends on the internal spin entan-
glement configuration in the initial single-magnon state.
Compared with previous Thouless pumping experiments
[15, 16], our work studies the topological pumping of a
single quasiparticle in a strongly correlated system, where
the initial ground band population can be easily pre-
2pared. In addition, we find that quantum entanglement
can play an important role in the topological pumping.
Finally, we also show that this topological pumping can
be efficiently detected based on a parallel state prepara-
tion and detection strategy.
This paper is organized as follows. In Sec. II, we
present the dynamically controlled spin-dependent op-
tical superlattice system. In Sec. III, we show a dynami-
cal version of topological magnon insulator phase can be
generated. In Sec. IV, we investigate the entanglement-
dependent topological pumping of a single magnon in a
strongly correlated ultracold atomic system. In Sec. V,
we briefly discuss how to prepare the initial state and
realize the parallel topological pumping. In Sec. VI, we
give a summary for the main results in this work.
II. RICE-MELE-BOSE-HUBBARD MODEL
We consider ultracold bosonic 87Rb atoms trapped
in a one-dimensional spin-dependent optical superlat-
tice. Each atom is assumed to have two relevant in-
ternal states labeled respectively by the spin index | ↓
〉 = |F = 1,mF = −1〉 and | ↑〉 = |F = 2,mF = −2〉.
Such spin-dependent optical superlattice has been real-
ized in experiments by superimposing two standing opti-
cal waves [35, 36]. The corresponding potential Vσ(x) =
Vlσ sin
2(k1x) + Vsσ sin
2(2k1x + ϕσ), where the potential
depths V(l,s)σ and the laser phase ϕσ can be varied by
changing the laser power and the optical path differ-
ence. For sufficiently deep optical lattice potential and
low temperatures, this optical superlattice system can be
described by the Rice-Mele-Bose-Hubbard model
H = H0 + V,
H0 = −
N∑
x=1
∑
σ=↑,↓
(J1aˆ
†
i,σ bˆi,σ + J2bˆ
†
i,σaˆi+1,σ +H.c.)
+ ∆
∑
i
(aˆ†i↑aˆi↑ − bˆ†i↑bˆi↑ − aˆ†i↓aˆi↓ + bˆ†i↓bˆi↓),
V =
N∑
x=1
∑
σ=↑,↓
U
2
(aˆ†i,σaˆ
†
i,σaˆi,σaˆi,σ + bˆ
†
i,σ bˆ
†
i,σ bˆi,σ bˆi,σ)
+ U
∑
i
(aˆ†i↑aˆi↑aˆ
†
i↓aˆi↓ + bˆ
†
i↑bˆi↑bˆ
†
i↓bˆi↓), (1)
where aˆ†i,σ (bˆ
†
i,σ) is the spin-dependent creation operator
associated with the lattice site ai (bi) in the i-th unit cell,
J1,2 = J∓δJ are the alternating tunneling amplitudes, ∆
is the spin-dependent staggered on-site energy, U is the
on-site interaction and N is the unit cell number. The
interaction between atoms in the same or different spin
state is assumed to be same. In the absence of interac-
tion, the above model corresponds to the spinful Rice-
Mele model [37]. The spinless Rice-Mele model and its
topological features have been experimentally studied in
a one-dimensional optical superlattice [38].
In the strong interaction case, V (the hopping and on-
site energy terms) can be seen as a perturbation to H0
(the on-site interaction term). We label the ground and
excitation state subspaces spanned by the eigenstates of
H0 as P and Q. For unit filling, the ground and excita-
tion state subspaces associated with one unit cell can be
written as
P = {| ↑, ↑〉, | ↑, ↓〉, | ↓, ↑〉, | ↓, ↓〉},
Q = {| ↑↑, 0〉, |0, ↑↑〉, | ↑↓, 0〉,
|0, ↑↓〉, | ↓↓, 0〉, |0, ↓↓〉}, (2)
with the eigenenergies as Eg = 0 and Ee = U . The cor-
responding projective operators for the above two sub-
spaces are defined as
Pˆ =
∑
|j〉∈P
|j〉〈j|,
Qˆ =
∑
|k〉∈Q
|k〉〈k|. (3)
Based on the Schrieffer-Wolf transformation [39], the low
energy effective Hamiltonian up to second order can be
formulated as
He = PˆH0Pˆ + Pˆ V Pˆ +
Pˆ V QˆV Pˆ
Eg − Ee . (4)
It is easy to check that the first term PˆH0Pˆ = 0 in our
model. For the intra-cell coupling in the last two terms
in Eq. (4), after a straightforward calculation, we find
that
PˆV Pˆ = ∆(| ↑, ↓〉〈↑, ↓ | − | ↓, ↑〉〈↓, ↑ |), (5)
and
Pˆ V QˆV Pˆ
Eg − Ee = −
2J21
U
(| ↑, ↓〉〈↑, ↓ |+ | ↑, ↓〉〈↓, ↑ |+H.c.)
− 4J
2
1
U
(| ↑, ↑〉〈↑, ↑ |+ | ↓, ↓〉〈↓, ↓ |), (6)
where H.c. is the Hermitian conjugate. Similarly, the
effective Hamiltonian with respect to the inter-cell cou-
pling can be derived. Now we introduce the pauli oper-
ators Sˆx = | ↑〉〈↓ | + | ↓〉〈↑ |, Sˆy = −i| ↑〉〈↓ | + i| ↓〉〈↑ |,
and Sˆz = (nˆ↑− nˆ↓)/2. In terms of these Pauli operators,
the total effective Hamiltonian can be derived as
He =
∑
i
[Je1(Sˆ
x
ai
Sˆxbi + Sˆ
y
ai
Sˆybi) + Jz1Sˆ
z
ai
Sˆzbi
+ Je2(Sˆ
x
bi
Sˆxai+1 + Sˆ
y
bi
Sˆyai+1) + Jz2Sˆ
z
bi
Sˆzai+1 ]
+
∑
i
∆(Sˆzai − Sˆzbi), (7)
where Je1,e2 = −J21,2/U and Jz1,z2 = −4J21,2/U are the
effective spin superexchange couplings. Such alternating
couplings can be rewritten as Je1,e2 = (J ∓ δJ)2/U =
Je ∓ δJe.
3FIG. 1: (a) The single-magnon energy spectrum with two
magnon bands. The configuration of the unit vector field n
in the first Brillouin zone for the lower (b) and upper (c)
magnon bands. The parameters are chosen as Je = Jp = J .
J is used as energy unit in this work.
III. DYNAMICAL VERSION OF
TOPOLOGICAL MAGNON INSULATOR
In the present work, only single spin-up excitation
is considered in the above optical superlattice system,
which is also called as single-magnon excitation in con-
densed matter physics [25]. We will study the topological
feature of Eq. (7) in the single-magnon subspace. Based
on the Matsubara-Matsuda mapping [40], the above ef-
fective spin model in the single-magnon space can be
rewritten into the following magnon Hamiltonian
Hm =
∑
i
(Je1mˆ
†
ai
mˆbi + Je2mˆ
†
bi
mˆai+1 +H.c.)
+
∑
i
∆(mˆ†aimˆai − mˆ†bimˆbi), (8)
where mˆ†
ai(bi)
= | ↑〉ai(bi)〈↓ | is the magnon creation oper-
ator associated with the lattice site ai(bi) in the i-th unit
cell. |G〉 = | ↓↓ · · · ↓↓〉 can be seen as the magnon vac-
uum state. Experimentally, one can adiabatically tune
the optical lattice potential to vary (δJ,∆) and modu-
late (δJe,∆) in a close circle [15–17, 36]. In this way,(
δJe,∆) can be parameterize as (Jp sin(θ), Jp cos(θ)
)
,
where θ is a dynamical parameter. Then the spin su-
perexchange couplings and on-site energy offset can be
written as Je1,e2 = Je ∓ Jp sin(θ) and ∆ = Jp cos(θ).
To investigate the topological features of the magnon
Hamiltonian (8), we write it in the momentum space as
H =
∑
kx
mˆ†kx hˆ(kx, θ)mˆkx , where mˆkx = (mˆakx , mˆbkx )
T .
Specifically, the momentum density is written as
hˆ(kx, θ) = hxσˆx + hyσˆy + hzσˆz , (9)
where hx = 2Je cos(kx), hy = 2Jp sin(θ) sin(kx) and hz =
Jp cos(θ). σˆx,y,z are the Pauli matrixes spanned by mˆakx
and mˆbkx .
Interestingly, we can construct a two-dimensional arti-
ficial Brillouin zone based on the momentum kx ∈ (0, pi]
and the dynamical parameter θ ∈ (0, 2pi]. The single-
magnon energy spectrum is plotted in Fig. 1(a), which
has two magnon bands. The topological features of these
two magnon bands are characterized by the Chern num-
bers. Based on a mapping from the momentum space to
an unit sphere, i.e., T 2 → S2, the Chern number can be
defined as [41, 42]
C =
1
4pi
∫ ∫
dkxdθ(∂kxn× ∂θn) · n, (10)
where the unit vector field n = (hx, hy, hz)/h with
h =
√
h2x + h
2
y + h
2
z. The integrand n × ∂θn · n is sim-
ply the Jacobian of this mapping. Its integration is a
topological winding number giving the total area of the
image of the Brillioun zone T 2 on S2 [41, 42]. It means
that, when (kx, θ) wraps around the entire first Brillouin
zone T 2, this winding number is equal to the number
of times the vector n wraps around the unit sphere S2,
which is independent of the details of the band structure
parameters.
In Figs. 1(b) and 1(c), we plot both the unit vector
configurations (nx, ny) and the contours of nz for the
lower and upper magnon bands, respectively. The results
show that, for the lower (upper) magnon band, the unit
vector n starts from the noth (south) pole at the Brillouin
zone center and ends at the south (north) pole at the
Brillouin zone boundary after wrapping around the unit
sphere once. Thus the Chern number corresponding to
the lower (upper) magnon band is derived as Cl = 1
(Cu = −1). Since θ is a periodic dynamical parameter
introduced to construct the first Brillouin zone, the above
nontrivial Chern number values yield a dynamical version
of the topological magnon insulator phase.
IV. ENTANGLEMENT-DEPENDENT
TOPOLOGICAL MAGNON PUMPING
In the following, based on the above dynamically con-
trolled topological magnon bands, we will demonstrate
that entanglement-dependent topological pumping of a
single magnon can be implemented. This is done by adi-
abatically tuning the parameter θ = Ωt + θ0 over one
period, where Ω is the modulation frequency and θ0 is
the initial phase.
At the initial time, we assume the whole optical su-
perlattice system consists of series of independent dou-
ble wells by tuning the optical superlattice potential to
make Je2 = 0. This is equivalent to require the initial
periodic parameter θ(t = 0) = θ0 = −arcsin(Je/Jp).
Suppose the initial system stays in the magnon vacuum
state |G〉 = | ↓↓ · · · ↓↓〉. Note that the Hamiltonian for
the single-magnon excitation in each double well has two
4( )a
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FIG. 2: (a) The schematic diagram of a one-dimensional op-
tical superlattice system prepared in a single-magnon state.
(b) The change of the magnon density center M¯c versus time
for different initial spin entangled state. The parameters are
chosen as Je = Jp = J and Ω = 0.1J . The unit cell number
in the optical superlattice is N = 62.
eigenstates
|χl,u〉 = 1√
2
(| ↑↓〉 ∓ | ↓↑〉) , (11)
which are two different Bell states. As shown in Fig.
2(a), suppose that one of middle double wells is prepared
into the Bell states |χl〉, while the other qubits stay in the
ground state. The initial state of the system then can be
described by |ψl〉 = | ↓↓ · · ·χl · · · ↓↓〉. Actually, one can
find that |ψl〉 is just the Wannier function corresponding
to the lower magnon bands. The reason is that the cou-
pling between nearest neighbor double wells is zero and
so the Wannier function only localizes the middle double
well.
After having prepared the initial single-magnon state,
the parameter θ is adiabatically modulated from θ(t = 0)
to θ(t = T = 2pi/Ω), the single-magnon wave packet will
experience an adiabatic transfer. We employ a magnon
density center to monitor this transfer. Specifically, the
operator for such center is defined as
Mˆc =
N∑
x=1
x(Pˆax + Pˆbx), (12)
where Pˆax(bx) = mˆ
†
ax(bx)
mˆax(bx) = | ↑〉ax(bx)〈↑ | is the
magnon density in the lattice site ax (bx). Then, when
the parameter θ is adiabatically modulated, the corre-
sponding magnon density center can be written as
M¯c(θ) = 〈ψl(θ)|Mˆc|ψl(θ)〉
=
1
2pi
∫
dkxi〈ukx,θ,l|∂kx |ukx,θ,l〉
=
1
2pi
∫
dkxAl(kx, θ). (13)
It turns out that the magnon density center is linked
to the Berry connection Al(kx, θ) = i〈ukx,θ,l|∂kx |ukx,θ,l〉.
Therefore, the magnon density center depends on the
gauge choice of the Bloch state. However, the change
of the magnon density center is gauge invariant and thus
can be well defined.
Suppose the periodic parameter θ is changed continu-
ously from θi to θf . The resulting magnon density center
shift is
M¯c (θf )− M¯c (θi) = 1
2pi
∫
dkx
(
Al(kx, θf )−Al(kx, θi)
)
.
(14)
By means of the Stokes theorem, the formula (14) can be
rewritten as an integral of the Berry curvature Fl(kx, θ)
over the surface spanned by kx and θ, where Fl(kx, θ) =
∇ × Al(kx, θ) = i (|〈∂θukx,θ,l|∂kxukx,θ,l〉 − c.c.). For a
periodic cycle, θf = θi + 2pi, H(θi) = H(θf ), and the
change of the magnon center over one cycle is given by
the integral of the Berry curvature over the torus {kx ∈
(0, pi], θ ∈ (0, 2pi]}. It is easy to check that the magnon
center shift in this case is just the Chern number of the
lower magnon band, i.e.,
M¯c(θf )− M¯c(θi) = 1
2pi
∫
kx
∫
θ
dkxdθ∇×Al(kx, θ)
=
1
2pi
∫
kx
∫
θ
dkxdθ Fl(kx, θ)
= Cl. (15)
Similarly, if the initial single-magnon excitation in the
middle double well is prepared in the Bell state |χu〉,
after tuning the parameter θ over one period, the shift of
the magnon density center becomes Cu. Therefore, the
entanglement-dependent topological pumping of a single
magnon is achieved.
The detailed performance of the above topological
pumping is numerically calculated in Fig. 2(b). Suppose
the two atoms in the middle double well are prepared
into the Bell state |χl〉 (|χu〉), the numerical results show
that the magnon density center is shifted to the right
(left) by one unit cells after one periodic pumping, which
equals the Chern number of the lower (upper) magnon
band Cl = 1 (Cu = −1). Interestingly, one can find
that different Bell states inside the initial magnon wave
packet gives rise to different quantized topological pump-
ing. Such process generates an entanglement-dependent
topological magnon pumping, which is different from the
Thouless pumping and shows that the internal entan-
glement configuration in the transport particle can also
affect the external pumping.
V. INITIAL STATE PREPARATION AND
PARALLEL TOPOLOGICAL PUMPING
The initial single-magnon state with internal spin en-
tanglement can be prepared based on spin superex-
change Hamiltonian and an effective magnetic field. This
5( )b
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 1Step
 3Step
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FIG. 3: (a) The procedure for preparing a spin entangled state
in the middle double well. (b) An array of one-dimensional
spin-dependent optical superlattices for highly efficient paral-
lel entangled state generation and magnon density detection.
method has recently been experimentally demonstrated
in a spin-dependent optical superlattice system [35]. The
detailed preparation procedure is shown in Fig. 3(a). Ini-
tially, the superlattice potential is tuned to make Je2 = 0
and ∆ = 0. The resulted lattice is formed by an array of
independent double wells. Suppose the system is initially
prepared in the Mott-insulator regime where each lattice
site has a single atom prepared in the state | ↓〉. The ini-
tial single-magnon state can be prepared via three steps.
Step 1: based on single-site microwave pulse addressing,
one of the spins in the middle double well is flipped into
| ↑〉, then the state of the two spins in the middle double
well becomes | ↑↓〉. Step 2: through a dynamical evo-
lution governed by the spin superexchange Hamiltonian
in Eq. (7) with ∆ = 0 and evolution time t = pi/4Je1,
an entangled state (| ↑↓〉 − i| ↓↑〉)/√2 is generated be-
tween the two spins in the middle double well. Step 3:
tuning the spin-dependent optical superlattice potential
to switch on ∆, an effective magnetic field described by
the Hamiltonian shown in Eq. (5) is created. Via such
magnetic field to modulate the phase of the entangled
state, the Bell state (| ↑↓〉 ± | ↓↑〉)/√2 can be generated.
In the whole process, the state of the spins in the other
double wells dose not change. Then the single-magnon
state |ψl,u〉 = | ↓↓ · · ·χl,u · · · ↓↓〉 is prepared.
In experiment, the topological pumping proposed in
this work can be efficiently measured based on a strat-
egy using parallel state preparation and detection. As
shown in Fig. 3(b), a two-dimensional degenerate Bose
gas of 87Rb atoms is prepared in a two-dimensional op-
tical lattice potential V (x, y) = V (x) + V (y), where
V (x) = V↑(x)+V↓(x) is the state-dependent superlattice
potential in the x direction and V (y) = Vy sin
2(2k1y) is
a spin-independent potential in the y direction. When
Vy is tuned to be vary large, the hopping along the y di-
rection can be ignored. Then V (x, y) creates an array of
independent one-dimensional optical superlattices along
the x direction. In the Mott-insulator regime, this system
can be seen as an array of parallel one-dimensional spin
chains described by Eq. (7). Via an addressing beam
profile in form of a line reported in the recent single-
magnon experiment [25], the left spin down state in each
middle double well of the optical superlattice along the x
direction can be simultaneously flipped into the spin up
state, then each superlattice system has been put into
a single magnon. After that, based on the above en-
tanglement generation procedure and its parallel version,
each spin chain can be prepared into the single-magnon
state |ψl,u〉. Finally, through tuning θ over one period
in each spin chain, we can realize a parallel topological
pumping of a single magnon in this two-dimensional op-
tical lattice system. In this case, the magnon density can
be efficiently measured by averaging the data extracted
from the magnon density measurements in all spin chains
[25, 26].
VI. SUMMARY
In summary, we have realized a dynamical version of
the topological magnon insulator phase and also topo-
logical pumping of a single magnon in a spin-dependent
optical superlattice system. Different from previous ex-
periments implementing topological Thouless pumping
of an ultracold atomic gas, our work focused on topo-
logical pumping of a single quasiparticle in a strongly
correlated spinful Bose-Hubbard system. Furthermore,
we have also found that the shift of pumping direction is
entanglement-dependent. Our model is also compatible
with the recent optical lattice experiments on magnons
[25–27]. Our result opens a prospect for studying topo-
logical magnon insulator phase in optical lattice system
and also for investigating the interplay between topologi-
cal pumping and quantum entanglement and interaction
effect.
VII. ACKNOWLEDGEMENTS
This work is supported by the National Key R&D Pro-
gram of China (2017YFA0304203); Natural National Sci-
ence Foundation of China (NSFC) (11604392, 11674200,
11434007); Changjiang Scholars and Innovative Research
Team in University of Ministry of Education of China
(PCSIRT)(IRT 17R70); Fund for Shanxi 1331 Project
Key Subjects Construction; 111 Project (D18001).
6[1] D. J. Thouless, Phys. Rev. B 27, 6083 (1983).
[2] Y. Qian, M. Gong, and C. W. Zhang, Phys. Rev. A 84,
013608 (2011).
[3] D. Y. H. Ho and J. Gong, Phys. Rev. Lett. 109, 010601
(2012).
[4] L. Wang, M. Troyer, and X. Dai, Phys. Rev. Lett. 111,
026802 (2013).
[5] F. Mei, J. You, D. W. Zhang, X. C. Yang, R. Fazio, S. L.
Zhu, and L. C. Kwek, Phys. Rev. A 90, 063638 (2014).
[6] R. Wei, E. J. Mueller, Phys. Rev. A 92, 013609 (2015).
[7] N. R. Cooper and A. M. Rey, Phys. Rev. A 92, 021401(R)
(2015).
[8] T. S. Zeng, C. Wang, and H. Zhai, Phys. Rev. Lett. 115,
095302 (2015).
[9] L. Taddia, E. Cornfeld, D. Rossini, L. Mazza, E. Sela,
and R. Fazio, Phys. Rev. Lett. 118, 230402 (2017).
[10] Z.H. Xu, Y.B. Zhang, and S. Chen, Phys. Rev. A 96,
013606 (2017).
[11] T. Qin, A. Schnell, K. Sengstock, C. Weitenberg, A.
Eckardt, W. Hofstetter, Phys. Rev. A 98, 033601 (2018).
[12] I. Petrides, H. M. Price, O. Zilberberg, Phys. Rev. B 98,
125431 (2018).
[13] B. Wang, F. N. U¨nal, A. Eckardt, Phys. Rev. Lett. 120,
243602 (2018).
[14] H. I. Lu, M. Schemmer, L. M. Aycock, D. Genkina,
S. Sugawa, and I. B. Spielman, Phys. Rev. Lett. 116,
200402 (2016).
[15] S. Nakajima, T. Tomita, S. Taie, T. Ichinose, H. Ozawa,
L. Wang, M. Troyer, and Y. Takahashi, Nature Phys. 12,
296 (2016).
[16] M. Lohse, C. Schweizer, O. Zilberberg, M. Aidelsburger,
and I. Bloch, Nature Phys. 12, 350 (2016).
[17] M. Lohse, C. Schweizer, H. M. Price, O. Zilberberg, and
I. Bloch, Nature (London) 553, 55 (2018).
[18] L.M. Duan, E. Demler, and M. D. Lukin, Phys. Rev.
Lett. 91, 090402 (2003).
[19] A. B. Kuklov and B. V. Svistunov, Phys. Rev. Lett. 90,
100401 (2003).
[20] J. J. Garc´ıa-Ripoll, M. A. Martin-Delgado, and J. I.
Cirac, Phys. Rev. Lett. 93, 250405 (2004).
[21] A. Imambekov, M. Lukin, and E. Demler, Phys. Rev.
Lett. 93, 120405 (2004).
[22] W. S. Cole, S.Z. Zhang, A. Paramekanti, and N. Trivedi
Phys. Rev. Lett. 109, 085302 (2012).
[23] J. Radic, A. D. Ciolo, K. Sun, and V. Galitski, Phys.
Rev. Lett. 109, 085303 (2012).
[24] F.D. Sun, J.W. Ye, W.M. Liu, Phys. Rev. A 92, 043609
(2015).
[25] T. Fukuhara, A. Kantian, M. Endres, M. Cheneau, P.
Schauß, S. Hild, D. Bellem, U. Schollwo¨ ck, T. Giamarchi,
C. Gross, I. Bloch and S. Kuhr, Nat. Phys. 9, 235 (2013).
[26] T. Fukuhara, P. Schauß, M. Endres, S. Hild, M. Cheneau,
I. Bloch, and C. Gross, Nature (London) 502, 76 (2013).
[27] T. Fukuhara, S. Hild, J. Zeiher, P. Schauß, I. Bloch,
M. Endres, and C. Gross, Phys. Rev. Lett. 115, 035302
(2015).
[28] L. F. Zhang, J. Ren, J. S. Wang, and B. Li, Phys. Rev.
B 87, 144101 (2013).
[29] A. Mook, J. Henk, and I. Mertig, Phys. Rev. B 90,
024412 (2014).
[30] R. Chisnell, J. S. Helton, D. E. Freedman, D. K. Singh,
R. I. Bewley, D. G. Nocera, and Y. S. Lee, Phys. Rev.
Lett. 115, 147201 (2015).
[31] P. Laurell and G. A. Fiete, Phys. Rev. Lett. 118, 177201
(2017).
[32] F.Y. Li, Y.D. Li, Y. B. Kim, L. Balents, Y. Yu, and G.
Chen, Nat. Commun. 7, 12691 (2016).
[33] A. Mook, J. Henk, and I. Mertig, Phys. Rev. Lett. 117,
157204 (2016).
[34] K. K. Li, C.Y. Li, J.P. Hu, Y. Li, and C. Fang, Phys.
Rev. Lett. 119, 247202 (2017).
[35] H. N. Dai, B. Yang, A. Reingruber, X. F. Xu, X. Jiang,
Y. A. Chen, Z. S. Yuan, and J. W. Pan, Nat. Phys. 12,
783 (2016).
[36] C. Schweizer, M. Lohse, R. Citro, and I. Bloch, Phys.
Rev. Lett. 117, 170405 (2016).
[37] M. J. Rice and E. J. Mele, Phys. Rev. Lett. 49, 1455
(1982).
[38] M. Atala, M. Aidelsburger, J. T. Barreiro, D. Abanin,
T. Kitagawa, E. Demler, and I. Bloch, Nat. Phys. 9, 795
(2013).
[39] S. Bravyi, D. DiVincenzo, and D. Loss, Ann. Phys. 326,
2793 (2011).
[40] T. Matsubara and H. Matsuda, Prog. Theor. Phys. 16,
569 (1956).
[41] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[42] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
